Abstract. The rapid delocalization of chaotic Hamiltonian dynamics can be described by a local measure on phase space, the microscopic heterogeneity, both for classical and quantum systems. The properties of this new measure are discussed and studied numerically for a one-dimensional nonlinearly driven oscillator. An intricate and highly structured phase space dependence is observed. The correspondence between the classical and quantum evolution of the delocalization is investigated.
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has been reported. The related initial exponential growth of quantum variances for initially sharply localized wavepackets has been investigated for the kicked pendulum [12] and kicked top [13] . In all these studies, a close classical-quantum correspondence has been observed. More recently, it has been demonstrated that decoherence can lead to a smooth quantum-to-classical transition [14] .
In the present paper we will investigate a local measure of the spreading or delocalization, the microscopic heterogeneity, which has been suggested by Gu [15] with a first application to the quantum cat map, which is a relatively simple dynamical system. An initial exponential growth has been observed, followed by a saturation to an equilibrium value. A recent study stated a similar behaviour for a driven particle in a double well potential [16] . It is the aim of the present paper to analyse this measure of delocalization in more detail.
A local measure of phase space delocalization
For a system with Hamiltonian H(p, q, t), the localization of a phase space density ρ(p, q) can be characterized by a phase space entropy S which measures the localization of the state of the system on phase space. (For simplicity we restrict ourselves to a single degree of freedom with explicit periodic time dependence.) As is well known, the choice of such an entropy is not unique. The most prominent choices are the Shannon type entropy, S (1) , or the S (2) entropy, which are integrals of −ρ ln ρ or ρ 2 , respectively, over phase space. Both entropies belong to the class of Renyi entropies S (γ) and have similar properties. In particular, they can also be used in quantum mechanics when an appropriate phase space (pseudo)density is chosen (see, e.g., [3] and references therein).
In order to account for the dynamical behaviour of the system, one can explore the time dependence of the phase space density, ρ(p, q, t), and the time evolution of the phase space entropy S(t). One can easily convince oneself that this entropy is bounded from above if the classical dynamics is bounded in phase space, i.e. restricted to a region with area B in phase space, and in the long time limit t → t ∞ it typically converges to a limiting value, which is a measure of the final spreading over phase space. This value depends on the initial state ρ(t = 0) (most conveniently taken as a Gaussian centred at a point (p, q)) and therefore the entropy also depends parametrically on the initial position (p, q). In [2, 3] it was shown that this entropy S(p, q, t ∞ ) can be used to account for the global phase space structures of the system, both classically as well as quantum mechanically.
As is well known, the classical dynamics can be characterized by the Lyapunov exponent λ, which is a quantitative measure of the exponential divergence of initially nearby trajectories in the long time limit. A positive Lyapunov exponent identifies a trajectory as being chaotic. The time evolution of the entropy S(p, q, t) somehow also incorporates this behaviour, however not in an obvious way. An alternative measure of such a delocalization has been suggested by Gu [15] , who considered the difference between the phase space density ρ(x) (x = (p, q)) and a smoothed (or coarse-grained) density:
(here δ (x ) is a smoothing function located on a region of size at x ) with ρ → ρ for → 0. The entropies
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and S = − ln |ρ (x)| 2 dx measure the localization of the densities in phase space. As time increases, the densities ρ develop an intricate structure in phase space by spreading out into thinner and thinner filaments, which are smoothed in ρ . An interesting measure of the distributional heterogeneity of ρ is provided by the difference of both distributions in the limit of small , more precisely the relative difference of the entropies:
the so-called microscopic heterogeneity. More details concerning the properties ofh(ρ) can be found in [15] . Here we will concentrate on the fact that it can be rewritten as the more intuitive expressionh
(see [15] for a proof) where (∆p) 2 and (∆q) 2 are the variances of p and q, respectively. This result carries over to quantum mechanics [15] where the classical density is replaced by the density operator. Here, however,h is bounded from below bȳ
as a consequence of the uncertainty relation ∆p∆q ≥h/2. If ∆p and ∆q are bounded from above by L, e.g. for a finite phase space or a confined state, we havẽ
For time-dependent densities ρ(t),h also depends on time, and we use in the following the normalized expression
of the heterogeneity whose initial value h(t = 0) = 1 is independent of the chosen distribution. In the following we will study the time evolution of h(t), which will be shown to depend strongly on the initial conditions, most importantly on the initial position (p, q) in phase space, i.e. we will study the functional dependence of
both classically and quantum mechanically. Classically, it is allowed to shrink the initial density to a delta function localized at (p, q). In this limit ∆p(t)) and ∆q(t) can be approximately computed from the stability or monodromy matrix M (t), which determines the time evolution of an initial infinitesimal deviation δ t = (∆p, ∆q) t from the trajectory starting at (p, q):
M (t) is symplectic and can be determined by solving a differential equation together with the canonical differential equations for p(t) and q(t) (see, e.g., [17] for more details). Assuming that we have ∆p(0) = ∆q(0) initially and averaging over a circle in phase space, we obtain
For a chaotic trajectory, h(p, q, t) will increase exponentially and therefore we define
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which converges in the long time limit to the classical Lyapunov exponent:
Note that λ also depends on (p, q): however, all phase space points traced out by a common trajectory and, in particular, all points of a dynamically connected (finite) chaotic region in phase space with area B have the same value of λ. Therefore it is sometimes convenient to define a phase space average over such a chaotic region:
where η(t) will converge to the Lyapunov exponent λ more smoothly.
Model study: a pulsating harmonic well
In this section, we will illustrate the basic features of the local measures of spreading in phase space for a special, but typical, system, a harmonic oscillator periodically driven by a nonlinear force:
with f (t+T ) = f (t). From the rapid decay of the Gaussian nonlinear coupling at large distances, we expect that the system behaves integrable for large amplitudes. We choose parameters T = 2π/ω, where ω = 1.0625 deviates only a little from the harmonic oscillator frequency ω 0 = 1; the parameter is a = 3, which implies that at q = 2 the nonlinear term is only 2 × 10
of its value at q = 0. The periodic driving potential is chosen as a rectangular pulse with unit amplitude
in order to simplify the numerical calculations so that only relatively easy tractable mappings appear. It should be noted that the exponential potential is not a small perturbation. In fact, the full potential q 2 /2 + exp(−3q 2 /2) has a maximum at q = 0. The quantum time evolution operator from t = 0 over a full period T can now be factorized asÛ
where the operatorsÛ ± are the time evolution operators over a time interval T/4:
for the time-independent Hamiltonianŝ
In the numerical studies below, the harmonic oscillator eigenstates |n ofĤ 0 will be used for the computation ofÛ , which has the additional advantage that the quantum heterogeneity (3) can be calculated directly. The desired variances can be quite easily calculated starting from
Using the usual harmonic oscillator ladder operatorâ = (q + ip)/ √ 2h, we have 
we obtain the identity
and thereforeh
Expanding in the harmonic oscillator basis |Ψ = ∞ n=0 c n |n yields
and finallyh
In the numerical calculations, firstĤ + andĤ − are constructed in the harmonic oscillator basis ofĤ 0 , their exponentsÛ ± are computed and the propagation matrixÛ (T ) is stored. The time propagation of any initial state |ψ(t = 0) = 
. This process allows a fast and direct computation of
The values of the system parameters have been chosen to obtain a clearly structured classical dynamics with mixed regular and chaotic regions, which are characterized by an extended chaotic sea with two embedded stable islands of non-negligible size, as illustrated in figure 1 . Outside of this region, the dynamics is almost regular. The phase space area of this chaotic region is A ≈ 20. The stable islands are centred at (p, q) ≈ (0, ±1.38) which are fixed points of period T of the classical map, i.e. the islands (or, more precisely, the corresponding flux tubes) are dynamically disconnected. In most aspects, the dynamics resembles that of the driven rotor studied in great detail [2, 3, 18] - [20] previously (see also [21] , section 8.2). For an understanding of classical dynamics, one should also consider the most prominent unstable fixed point at (p, q) = (0, 0). One can easily check that the linearized classical dynamics in the vicinity of this point is given by the matrix equation
with
and
(Note that, for the − case, the potential has a minimum, and for the + case a maximum, at q = 0). For the case considered here, the M matrix is 
give the direction of the unstable and stable manifold of this fixed point.
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(a) t=T (b) t=2T (c) t=3T
Figure 5. Classical heterogeneity h(p, q, t) as a function on phase space (shown is the region |q| < 3, |p| < 2.5) at times 0 < t ≤ 9T . Figure 2 shows the basic features of the classical dynamical structure, an outer invariant curve, the two stable fixed points and the unstable manifold of the central unstable fixed point (for the computation of such a manifold see [22] ). The stable manifold is not shown, but we recall that it is a non-self-intersecting curve, as is the unstable one. Both manifolds intersect each other infinitely often at the homoclinic points, forming the homoclinic tangle.
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Figure 6. Quantum heterogeneity h(p, q, t) as a function on phase space (shown is the region |q| < 3, |p| < 2.5) at times 0 < t ≤ 9T forh = 0.05.
The classical spreading in the chaotic region can be expressed in terms of the Lyapunov exponent, which has been calculated by the rescaling method as λ ≈ 0.0953 for the chaotic region. (Note that a long time propagation up to t ≈ 10 5 T is required.) Alternatively, one can compute the time averaged logarithm η(p, q, t) given in (13) . Results are shown in figure 3 , which are computed from the stability matrix of a single trajectory started in the chaotic region. The convergence toward the Lyapunov exponent λ is similar to the one observed in the computation 62.10
Figure 7. Quantum heterogeneity h(p, q, t) as a function on phase space (shown is the region |q| < 3, |p| < 2.5) at times 0 < t ≤ 9T forh = 0.01.
of λ using the rescaling method. As can be expected, the average over several chaotic trajectories shown in the right part of figure 3 leads to a much better and smoother convergence. In the following we will explore the spreading of the corresponding quantum evolution, in particular the dependence onh. First we note that, according to the Weyl rule, approximately N = A/2πh states are expected to be supported by the classical chaotic area, i.e. about 1200 for the smallest valueh = 0.0025 considered here. In the numerical calculation, it turned out 62.11
Figure 8. Quantum heterogeneity h(p, q, t) as a function on phase space (the region |q| < 3, |p| < 2.5) is shown at times 0 < t ≤ 9T forh = 0.005.
that this was indeed the minimum of the number of harmonic oscillator states needed in the expansion; twice as many states had to be used in order to obtain converged results.
As a first illustration of the quantum dynamics, figure 4 shows the phase space distribution of an initial coherent state |ψ p 0 ,q 0 (t = 0) , initially localized at (p 0 , q 0 ) = (0, 1) in the classically chaotic region. Shown is the Husimi distribution:
Figure 9. Quantum heterogeneity h(p, q, t) as a function on phase space (the region |q| < 3, |p| < 2.5) is shown at times 0 < t ≤ 9T forh = 0.0025.
at times t = 0, 2T , 4T forh = 0.01. With increasing time, the phase space distribution moves, spreads and develops more details, limited only by the finite size ofh. Various studies of this kind of behaviour are known, see, for example, [1] for an early example. Such studies explore the fate of a single wavepacket monitored in phase space, which can then be compared with a corresponding classical trajectory or a corresponding ensemble. Here we will concentrate on the local measure of quantum spreading, h(p, q, t), which measures the spreading (or delocalization) of such a wavepacket started at (p, q) and compare its dependence on the initial position with the classical one. Figure 5 shows the classical microscopic heterogeneity h(p, q, t) defined in (7) and (8) for different propagation times t = T, 2T, . . . , 9T . One observes regions of very strong (red) and slow (blue) spreading. As expected, the delocalization is very slow in the outer regular region and the stable islands. Strong delocalization is only found in the chaotic region as clearly structured filaments stretched along the diagonal direction in the central part of phase space, curved and reconnected, resembling a horizontal figure '8' encircling the two stable islands seen in figures 1 and 2. In the course of an iteration of the classical map, more and more details appear and an increasing fine structure develops down to arbitrary fine scales. In addition, the region of large values of h(p, q, t) widens until it finally densely fills the chaotic region. As a further observation, one should note the close correspondence between the ridges of the heterogeneity and the unstable manifold of the unstable central fixed point shown in figure 2 The corresponding quantum results for the heterogeneity are shown as a function of t for h = 0.05 in figures 6-9. A comparison reveals a surprising degree of agreement with the classical spreading. Note that classical and quantum spreading exactly agree for Hamiltonians which are at most quadratic in the coordinates and momenta. Note, in particular, that the quantum delocalization also seems to be largest on the classical unstable manifold. There are, of course, some important deviations: first, the quantum resolution seems to be much less than the classical one, which may, however, be expected in view of the uncertainty relation. With increasing time, this quantum 'blurring' increases and the function h(p, q, t) seems to approach an almost constant value on the chaotic region. Note that it is still possible to distinguish between the classically regular and chaotic regions. This discussion of the blurring effect is, however, only qualitative. A more detailed numerical comparison between the Gaussian smoothing of the classical results in figure 5 and the quantum results would certainly be of interest. In the following figures 7-9 the value of the Planck constant is decreased toh = 0.01, 0.005 and 0.0025. We observe that more and more of the classical details are revealed, because the quantum length resolution deceases ash 1/2 . But in any case there is a loss of resolution with increasing time. This is yet another example of the fact that the limits t → ∞ andh → 0 do not commute, i.e. 
As already discussed above, the classical values of η(t) converge rapidly toward the Lyapunov exponent λ ≈ 0.0953 (compare figure 3) . The corresponding quantum results shown for various values ofh = 0.05, 0.05, 0.01, 0.005, 0.0025 decay to zero in the long time limit as t −1 , because the quantum values of h(t) saturate as discussed above. In the semiclassical limit h → 0 the quantum results approach the classical ones at each finite time in the limith → 0. (Numerically, it was observed that the deviation from the classical decays approximately as a power lawh ν , where the exponent ν decreases with increasing time t.)
Concluding remarks
In this paper, we have presented quite extensive numerical studies of the performance of the microscopic heterogeneity, which has been proposed recently as a suitable local measure of delocalization in phase space, both classically and quantum mechanically. For a typical timeperiodic system with a single degree of freedom showing mixed classically regular and chaotic dynamics, we have demonstrated that this measure is indeed capable of elucidating hidden dynamical properties. In particular, classical and quantum correspondence can be analysed. The resulting phase space plots reveal a close connection between classical and quantum evolution, which-not unexpectedly-decays in the long time limit. Clearly, some of our findings are speculative and not conclusive, and much work remains to be done. In particular, it should be of interest to compare with different measures proposed before, e.g. quantum phase space entropies [2] - [4] and quantum characteristic exponents [5] - [10, 23] . We hope that the results presented here will stimulate research in this direction.
